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Nonlinear Diffusion of Vacancies in a Crystal

Hiroaki Hara® and Shigeji Fujita

Department of Physics and Astronomy, State University of New York at Buffalo,
Ambherst, New York 14260

Ryuzo Watanabe

Department of Metal Processing, Faculty of Engineering,
Tohoku University, Sendai 980 Japan

Received November 20, 1978

The correlated motion of vacancies breaks the translational symmetry of
the jump probability if the concentraton of the vacancies varies from place
to place. This leads to a significant deviation from the result of linear
diffusion theory. The problem is treated by using the model of a generalized
random walk in which the probabilities of a jump by the walker depend on-
the position.

The commonly assumed basic equation governing a diffusion is Fick’s
law,
. dc
J==Do5 (1)
where j is the flux density and ¢ the concentration; D represents the diffusion
coefficient (see Manning, 1968, 1973, and Peterson, 1968). The relation (1)
is valid when the concentration ¢ and its gradient dc/dx are both very small.
In certain practical cases, a finite concentration gradient may be maintained
in a finite region. For example, let us consider a steady-state diffusion across
two parallel boundaries as shown in Figure 1. Two different concentrations
are kept at ¢, and ¢, at the outer sides of the two boundaries. The concentra-
tion in between may or may not be the straight (dotted) line 4B. The
phenomenological studies (Barrer, 1946; Ash and Barrer, 1971; see also
Crank, 1975) showed that the concentration calculated in terms of Fick’s law
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Fig. 1. A steady-state diffusion is main-
tained across two membranes separated by
the distance L. The dotted line AB corre-
sponds to the linear diffusion and devia-
tions from it represent a nonlinear
0 L behavior.

must follow the straight line. Any deviations from it should come from non-
linear effects. In the present paper we will report a source of nonlinear effect
on a vacancy diffusion in which a deviation from Fick’s law is realized.

In Figure 2 three vacant sites are shown in a periodic lattice. The motion
of the molecules generates that of the vacancies. If the concentration changes
from place to place, the motion of the vacancies will be such that the difference
in concentration will become smaller and smaller.

When the concentration of vacancies is large the motion of the vacancies
will be correlated. At a higher concentration, the movement of vacancies may
become easier, and therefore the rigidity of the lattice may be reduced; we
may also say that the probability of a jump by vacancy will become greater.
This dependence of the jump probability on the concentration generates the

_position dependence if the concentration gradient exists in the system. This
may best be understood by drawing an energy barrier diagram (LeClair,
1958). If the vacancy concentration is uniform, the energy barrier will be
symmetric at each site, as shown in Figure 3a. If the concentration is higher
on the left than on the right, the barrier height will be unequal and depend on
the site, as indicated in Figure 3b; the probability of a jump toward the right
will be less than that toward the left.

In order to treat the problem in a systematic manner, let us introduce
an extended model of random walk (Uhlenbeck and Ornstein, 1930; Chandra-
sekhar, 1943). A walker (vacancy) at the site m may take a step to the right
and reach the site m + 1 with the probability p,; it may take a step to the
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Fig. 3. The energy barriers are shown for a homogeneous (a) and inhomogeneous (b)
system.

left with the probability g,,; or it may remain at the same site with the prob-
ability r,. The normalization requires that

Here it is noted that the probabilities depend on site m, and also that explicit
introduction of the staying probability r, is essential in the following discus-
sions.

Let W(m, N) be the probability that the walker, starting from the origin
0, reaches the site m after N unit times. It is easily verified that W’s satisfy
the following equations:

W(m,N) = ppWm — 1,N = 1) + ¢ W(m + 1, N - 1)

+ r,Wim, N — 1) 3
and
w(0,0) =1
W(im, N) =0 for N < |m] “@

Let a be the lattice spacing and 7, be the unit time interval; Nt, = ¢ will
denote the elapsed time, and x = ma the displacement after N moves. We
now consider the limits in which

a—0, to >0
m ~> 0, N— o (5)
such that
x = ma = finite
t = Nty = finite (6)

a?/t, = finite
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In these limits, we may introduce continuous functions:
W(m, N) = w(x, t)
Pn=>p(X), Gn—>qx),  rn—H(X) Q)
We obtain from (3) and (4)

DD - T M, 1] + g DM, 1) ®)
My(x) = £ [p() = ¢(3)]
0 ©)
Mi(x) = - [p() + 4]
w(x, 0) = 8(x)
w(co, 1) = 0 (10)

Equation (8) is a generalized Fokker-Planck equation with the position
dependence of M, and M, arising from the position dependence of the jump
probabilities.

In the absence of a concentration gradient, the probabilities of jumps
are given by

p = q = const. x exp (—Q/kT) (11

where Q is the activation energy for a jump (see, e.g., Manning, 1968). For a
finite (constant) gradient the activation energy will have a term linear in the
position, as seen from Figure 3b. Thus, the energy to be overcome by a
vacancy moving right and left may be represented by 9 — bx and Q + bx,
respectively, where b may be taken as a constant proportional to the
concentration gradient

dc
The linear correction term tends to zero as the gradient disappears (as it

should). We may therefore assume that

p(x) = const. x exp [(— Q + bx)/kT]
g(x) = const. X exp [(—Q — bx)/kT] (13)

That is, due to the correlation of the vacancy movement, the probabilities of
jumping toward the right and toward the left are no longer equal to each
other.

It is well known that the concentration c(x, ¢ + At) of vacancies at
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position x and time ¢ + At is related to that at position x — Ax and time ¢ by
(see Manning, 1968)

colx, 1+ At) = f Px; Ax, At)e(x — Ax, £)d(Ax) (14)
where P(x; Ax, At) is the probability of the transition from (x — Ax, ¢) to

(x, t + Af). Expanding both sides of equation (14) around Ax = 0 A¢ = 0,
and retaining the lowest order term in A¢, we obtain

2 - 5 L (- 2) et o)

s=1 S!

= _% J(x, 1) (15)
where
K@) = (A9 = lim Aitf (Ax)'P(x; Ax, An)d(Ax) (16)
T, 1) = — A)e(x, 1) — Dx) LD (7
A(x) = Ky(x) — 21 Mi}i’“) + o(a;gs) (18)
D) = —3Ky(x) + 0(%§) (19)

We note that part of the flux generated by the density gradient dc/éx, that is,
the second term in (17), is given by

—D(x) % = J(x, 1) (20)

This takes the form of a generalized Fick’s law with a position-dependent
“apparent” diffusion factor D(x).
For the vacancy motion, we may assume that

P(x;Ax, At) = W(Ax, At) 2n
Then, by using the formal solution of (8):
Wix, 1) = e 18(x) (22)

- 0 02
L= aMl(x) t oz Mo(x) (23)
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we can evaluate the moments K in (16), and obtain
K, =M, K, =-2M,
K, =0, nz3

The expression D(x) can be expressed as

D(x) = Dol + f(x)]
where

a2
Dy =5~
to

ro| =

1/2(ebx/kT + e—bx/kT)
fx) = [ & &*FT f - bWkl

where f(x) is chosen so that D is reduced to

Dyatx =0 (point A in Figure 1)

Hara et al.

(24)

(25)

(26)

@7

Following Barrer’s treatment (Barrer, 1946), we can now study the steady-
state diffusion. The steady-state concentration is found to be depressed, as
indicated by the full line, the degree of depression depending on the value of
b. Figure 4 shows concentration ¢(x) for steady state which is obtained from

the equation specified by (25).

It is emphasized that since b is proportional to the gradient &c/ox, D(x)
describes a situation that is highly nonlinear. In fact, D contains terms of

Clx)/C,
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Fig. 4. Steady-state concentration. Here for simplicity we put ¢, = 0 and B = bL. Note
that B/kT = O represents the simple Fick’s law.
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indefinite orders in dc/ox since b(ccéc/éx) enters in the exponential in (27).
The nonlinearity itself, however, simply arises from the assumed correlation
of the vacancy motion characterized by the single parameter b.

Unfortunately, experimental data directly comparable with the present
theory are not available at the present time. However, our theory clearly
points out a source of possible nonlinearities arising from the correlated
motion of the vacancies.

ACKNOWLEDGMENTS

The authors wish to thank Professor T. Morita, Professor K. Hiroike, and Dr. H.
Edisawa for helpful discussions and important suggestions. Acknowledgment is made
to the donors of the Petroleum Research Fund, administered by the American Chemical
Society, for support of this research.

REFERENCES

Ash, R., and Barrer, R. M. (1971). J. Phys. D, 4, 888-898.

Barrer, R. M. (1946). Proc. Phys. Soc., 58, 321~3311.

Chandrasekhar, S. (1943). Rev. Mod. Phys., 15, 1-89.

Crank, J. (1975). The Mathematics of Diffusion, Clarendon Press, Oxford, Chap. 9.

LeClaire, A. D. (1958). Philos. Mag, 3, 921-939.

Manning, J. M. (1968). Diffusion Kinetics for Atoms in Crystals, Van Nostrand, New
York, Chap. 5.

Manning, J. M. (1973). Diffusion, American Society for Metals, Cleveland, Chap. 1.

Peterson, N. L. (1968). “Diffusion in Metals,” in Solid State Physics, 22, 409-512.

Uhlenbeck, G. E., and Ornstein, L. S. (1930), Phys. Rev, 36, 823-841.



